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Abstract
Several questions about the Galois group of field generated by certain
one dimensional formal group laws are studied. This is a continuation of
treatment in [SS1], [SS2].
General formalism related to pi-divisible groups is discussed in appendix.
1 Introduction
In [SS1] and [SS2] author studied some questions about the Galois group of field
generated by division points of certain formal group laws and relation between
this Galois group and the ring of endomorphisms of corresponding formal group
law. Present article is a continuation of [SS2] .
First the set-up and main results are reviewed :
Let p be a prime and let K be a finite extension of Qp. Put OK to be the
ring of integers of K, let pK denote the unique maximal ideal of OK and vpK (·)
be the valuation associated to it. Fix an algebraic closure Qp and |.|p be an
fixed extension of the absolute value. Let O be the ring of integers of Qp and
p be the unique maximal ideal of O. Clearly p ∩ K = pK . For n ∈ N let µn
denote the group of n-th roots of unity inside Qp.
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Let A be an integrally closed, complete subring of OK . Assume that pA is the
maximal ideal, K(A) is the field of fractions and k(A) is the field of residues.
Put [k(A) : Fp] = fA. Let F be a (one dimensional, commutative) formal group-
law defined over OK admitting an A module structure. π be a generator of pA
and say
[π](X) = πX + a2X
2 + a3X
3 + · · · ∈ OK [[X ]] (1.1)
with at least one ai ∈ OK − pK . Then min {i | |ai|p = 1} = p
h for some positive
integer h (see [Haz, 18.3.1]). Now if π1 is another generator of pA and
[π1](X) = π1X + b2X
2 + · · · ∈ OK [[X ]]
then bph ∈ OK − pK and min {i | |bi|p = 1} = p
h. This integer h is called the
height of F as formal A module. If ai ∈ pK for all i ≥ 2 then we say, height of
F is infinity. We shall only consider formal A modules of finite height.
Let A be as above and F be a formal A module over OK . It defines a A module
structure on pK which naturally extends to a A-structure on p. We shall denote
the corresponding addition by ⊕F to distinguish it from usual addition.
Use EndOK (F) to denote ring of endomorphisms of formal group F which are
defined over OK and End
A
OK (F) to denote ring of endomorphisms of formal A
module F which are defined over OK . It is well-known that
EndOK (F) = End
A
OK (F) (see [Haz, 21.1.4]).
Let π be a generator of pA. For each n ≥ 1, use F[π
n] to denote the πn-torsion
submodule of p.
For any sub-field L of Qp, let LF(π
n) be the subfield of Qp generated by F[π
n]
over L and put
Λpi(F) =
⋃
i≥1
F[πi],
LF(π
∞) =
⋃
i≥1
LF(π
i).
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We shall adopt the convention F[π0] = {0}.
Let π be a generator of pK and put Kpi = Qp(π). Use Api to denote the ring
of integers of Kpi. For simplicity we shall write pApi as ppi and fApi as fpi. Note
that π is a generator of ppi. Let F be a formal Api module of height h defined
over OK .
A be an integrally closed subring of OK containing Api such that F has a A
module structure. Clearly, F has height h as A module. We know that hA | f
(See [SS1, Remark-1.3(v)]). Put hr,A =
h
fA
. hr,Api will be abbreviated as hr,pi
and if A is clear from context we shall drop A from subscript.
Notations and terminologies :
Let K,OK , pK , π be as before. We shall use the following notations and termi-
nologies –
A local field is a finite extension of Qp,
Ok = ring of integers of k for any discrete valuation field k ,
pk = the unique maximal ideal of k,
E = a finite unramified extension of K,
K(n) = the unique unramified extension of K of degree n for any n ∈ N, O
(n)
K
is the ring of integers of K(n),
L = Eur = Kur,
L̂ = completion of L,
Fpi(OE) = set of all Api modules of finite height defined over OE ,
Fpi(OE)(h) = set of all Api modules of height h defined over OE for any h ∈ N,
Fpi(OL̂) = set of all Api modules of finite height defined over OL̂,
Fpi(OL̂)(h) = set of all Api modules of height h defined over OL̂ for any h ∈ N,
Cp = completion of Qp,
EE = set of all subextensions of Qp/E,
EL = set of all subextensions of Qp/L,
EL̂ = set of all subextensions of Cp/L̂,
GE = Gal(Qp|E),
GL = Gal(Qp|L),
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GL̂ = Gal(Cp|L̂).
Note that GL = GL̂ and it is a closed normal subgroup of GE , known as inertia
subgroup.
Let π be a generator of pK . An Api module F over OK is called π-unramified
group law over OK . If K/Qp is unramified one can take π = p and any formal
group law is p-unramified.
Let F ∈ Fpi(OE)(h) and use F to denote fraction field denote fraction field of
EndOE (F). Clearly, Kpi ⊆ F ⊆ E. One can show that Kpi ⊆ F ⊆ K
(hr,pi)
pi (see
[SS1, remark-4.1.3]). If F = K
(hr,pi)
pi then we say F has endomorphism ring with
full height. Such F defines a full group law in Lubin’s sense (see [Lub1, 4.3.1]).
One has the maps
Dpi,E : Fpi(OE)→ EE , F→ EF(π
∞)
Durpi : Fpi(OL)→ EL, F→ LF(π
∞)
D̂pi : Fpi(OL̂)→ EL̂, F→ L̂F(π
∞).
If E is clear from context we shall drop it from subscript.
Additionally, one needs to consider formal Zp modules over OE and associated
module of p-torsion points. Here height shall mean height as Zp module. While
working with this set-up we shall use similar notations with π replaced by p.
In section-2 and section-3 notion of p-adic lie groups over local field is used.
We shall follow definitions and terminologies of [Ser1].
The following remark summarizes the main points of development so far :
Remark 1.1 : i) Let F ∈ Fp(OL̂). Then EndOL̂(F) = End(F) where End(F) is
the absolute endomorphism ring as in [Lub1, 2.3.3].
ii) Let F ∈ Fpi(OE). Then
a) EndOE (F), End(F) are complete, integrally closed Api algebras of finite type.
b) Api ⊆ End(F) ⊆ A
(hr,pi)
pi .
c) Further if µph−1 ⊆ OE , EndOE (F) = End(F).
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See [SS2, Section-2].
iii) Let F ∈ Fpi(OE)(h) and assume that µph−1 ⊆ OE . Then the following are
equivalent :
a) Gal(Dpi(F)|E) is abelian.
b) For all n ∈ N and z ∈ F[πn]− F[πn−1] we have E(πn) = E(z).
c) The endomorphism ring of F over OE has full height ie EndOE (F) = A
(hr,pi)
pi .
Statement (b) can be replaced by :
For all n ∈ N there exists z ∈ F[πn]− F[πn−1] such that E(πn) = E(z).
See [SS1, Theorem-2.3] and [SS2, Remark-4.1].
iv) Hypothesis as in (iii). If the equivalent conditions hold then :
a) Dpi(F)/E is totally ramified and the Galois group is isomorphic to UA(hr,pi)pi
,
the group of units of A
(hr,pi)
pi . See [SS3, Appendix-A].
b) Durpi (F) = E
ab. See [SS2, Section-2].
In [SS1], [SS2] the Galois representation on associated Tate module was stud-
ied. In this article we shall continue these kind of investigations, fill up a few
gaps and generalize the set-up to lie groups over general local fields and discuss
question about number of generators as in [SS2, Section-4].
There is an appendix devoted to discuss formalism of π-divisible groups suitable
for this purpose.
Remark 1.2 : i) Let R be a complete, discrete valuation ring of characteristic
(0, p) with perfect residue field. Divisible formal group-laws over R (see ap-
pendix, section-B) form the category of so-called ‘connected p-divisible groups’
over R. Note that in this situation, e´tale points of a p-divisible groups over R
are defined over an unramified extension of fraction field of R. Since we shall be
concerned about representation of inertia subgroup, these results can be stated
in terms of any p-divisible group of dimension 1 ie without loss of generality one
can ignore e´tale points.
ii) Author was ignorant of some important results of Serre and Serre-Sen while
writing [SS1] and [SS2]. These are put into proper place in the development of
ideas (see section-2 and section-3). This answers some questions posed in these
articles which constitutes section-4.
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2 Galois representation - I
Let F ∈ Fp(OE)(h). It is known that p-adic Tate module Tp(F) is a free Zp
module of rank h. Put Vp(F) = Tp(F) ⊗
Zp
Qp. Fixing an ordered base for Tp(F)
one obtains continuous representations
ρp(F) : GE → Glh(Qp),
ρ̂p(F) : GL̂ → Glh(Qp).
Note that, these maps factor through canonical inclusion Glh(Zp) → Glh(Qp).
The representations ρp(F) and ρ̂p(F) are quite similar, we shall mostly be con-
cerned with ρ̂p(F) and mention ρp(F) only if needed ie we want to study the
totally ramified part of the extension. Note that here we are considering F to
be a group law over OL̂.
Let H be image of ρ̂p(F). Clearly H is a closed, compact p-adic lie sub-group
of Glh(Qp) contained in Glh(Zp). Further, ρp(F) induces a topological isomor-
phism Gal(D̂p(F)|L̂) ∼= H . Let h be the associated lie algebra.
Further Halg be the smallest algebraic subgroup of Glh(Qp) containing H and
halg ⊆ gl(h,Qp) be the smallest algebraic lie sub-algebra of gl(h,Qp) containing
h. One can verify halg is indeed the lie algebra associated to Halg. The following
results are due to Serre :
Proposition 2.1 : Assume that the following holds :
i) Vp(F) is a semi-simple H module.
ii) End(F) = Zp.
Then, Halg = Glh and H is an open sub-group of Glh(Qp) in metric topology.
Proof : See [Ser2, Section-5, Theorem-4] . 
Now one would like to know when condition-(i) of proposition-2.1 holds. In
this direction we have the following result :
Proposition 2.2 : The following are equivalent :
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i) Vp(F) is a semi-simple H module.
ii) Vp(F) is a semi-simple h module.
iii) h is a reductive Lie algebra ie a product of an abelian and a semi-simple Lie
algebra and Vp(F) is a semisimple c module where c is center of h.
Proof : See [Ser2, Section-1, Proposition-1]. 
Proposition 2.3 : Vp(F) is a simple h module .
Proof : See [Ser2, Section-5, Proposition-8]. 
As a consequence, we have H is open subgroup of Glh(Qp) provided End(F) =
Zp. Note that, this means H has finite index in Glh(Zp).
Before main results of the section, we recall another result due to Serre ([Ser3,
Section-3, Thm. 9]) :
Proposition 2.4 : Let Y be a closed, smooth, analytic sub-manifold of (Zp)
N
and let Yn denote its image under reduction modulo p
n. Let d be dimension of
Y and vol(Y ) be volume of Y in the induced measure. Then |Yn| = vol(Y )p
nd
for sufficiently large n.
Note that Glh(Zp) is a closed subset of (Zp)
h2 . Hence H is closed sub-manifold
of (Zp)
h2 . Let d be dimension of H . Define H˜ = H − Id where Id is identity
matrix. Clearly it is also a closed, analytic sub-manifold of (Zp)
h2 of dimension
d and |Hn| = |H˜n| for all n ≥ 1.
For n ∈ N, let redn : H → Glh(Z/p
nZ) be the canonical reduction mod-
ulo pn map. Put Kn = Ker(redn) and In = Im(redn). We have, Kn ∼=
Gal(L̂F(p
∞)|L̂F(p
n)) and In ∼= Gal(L̂F(p
n)|L̂). Further |In| = |H˜n| = vol(H)p
nd
for large enough n.
This shows that dimension of image plays important role in determining the
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degree of the extensions which in term has influence of determining arith-
metical properties of the corresponding extension. In particular, note that
|Gal(L̂F(p
n+1)|L̂F(p
n))| = |In+1|/|In| = p
d for large enough n. This is the
main theme for rest of this section.
Put F′[pn] = F[pn] − F[pn−1] for all n ∈ N. Let mp(n) be the smallest size
of a subset of F′[pn] which generate L̂F(p
n) over L̂. Fix such a set {xi(n) | 1 ≤
i ≤ mp(n)} for each n. Note that if {z1, · · · , zh} is a Zp base for Tp(F) then
{zi(n) | 1 ≤ h} generates L̂F(p
n) over L̂. Hence mp(n) ≤ h.
Let k, n ∈ N with 1 ≤ k ≤ n. Put Gn,k = Gal(L̂F(p
n)|L̂F(p
k)). Clearly,
|Gn,k| = |In|/|Ik|.
Lemma 2.5 : i) The set theoretic map ∆n,k : Gn,k → (F[p
n−k])mp(n) de-
fined by ∆n,k(σ) = (σ(xi(n))⊖F xi(n)) is injective.
ii) ∆n,k is homomorphism of groups if n− k ≤ k.
iii) d ≤ hmp(n) for large enough n.
Proof : Proof of (i), (ii) is clear. (iii) follows from taking k = n − 1 and
using the estimate mentioned before. 
Lemma 2.6 : i) Let n0 ∈ N be such that n0 ≤ k implies d = hmp(k) and
|H˜k| = vol(H)p
kd. Then for all n0 ≤ k ≤ n, ∆n,k is onto.
ii) Further if n0 ≤ k ≤ n ≤ 2k
Gn,k ∼= (F[p
n−k])mp(n).
In particular, the fields L̂(xi(n),F[p
k]) are linearly disjoint over L̂F(p
k).
Proof : i) Follows from the fact that
|Gn,k| = |In|/|Ik| = p
d(n−k) = phmp(n)(n−k) = |F[pn−k]|mp(n).
ii) First part follows from part (i) and part (ii) of lemma 2.5.
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Second part follows from first part. 
Remark 2.7 : i) If d = h2 then by lemma-2.5(iii) mp(n) = h for large enough
n and hypothesis of corollary-2.6 is verified. Note that, this is the case if H is
open in Glh(Zp).
ii) In Sen’s theory of ramification in p-adic lie filtration one obtains similar
estimates but with respect to a lie filtration which may be different from the
filtration {Kn} (see [Sen1]). But one can show by analyzing trivilization maps
of a neighbourhood of identity in H , that {Kn} is indeed equivalent to a lie
filtration in sense of [Prob, Chapter 6] and hence one can use the ramification
estimates derived in Sen’s theorem.
Since dimension of the lie group H is an important invariant in determining
the Galois group of D̂p(F)/L̂ one would like to know when two formal group of
same height has same dimension of image of ρ̂p. We conclude the section with
a preliminary observation in this direction.
Let F,G ∈ Fp(OL̂)(h) be such that HomOL̂(F,G) 6= 0. We know D̂p(F) = D̂p(G)
(see [SS2, Remark-2.2]). Put H(F) = Im(ρ̂p(F)) and H(G) = Im(ρ̂p(G)). De-
fine {In(F)} and {In(G)} as before.
Lemma 2.8 : Notation be as above. Let dim(H(F)) = d1 and dim(H(G)) = d2.
Then d1 = d2.
Proof : In light of discussions in this section it is enough to show that the
sequence { |In(F)||In(G)|} is bounded above and does not converge to zero.
Let 0 6= f ∈ HomO
L̂
(F,G). Note that there exists g ∈ HomO
L̂
(G,F) with g 6= 0
and the induced morphisms
f : (p,⊕F)→ (p,⊕G)
g : (p,⊕G)→ (p,⊕F)
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has finite kernels and are surjective (see [Lub2, 1.6]).
Further they induce surjective morphisms
f : Λp(F)→ Λp(G)
g : Λp(G)→ Λp(G).
Let c ∈ N be such that [pc] annihilates ker(f) and ker(g). Then G[pn] ⊆
f(F[pn+c]) and F[pn] ⊆ g(G[pn+c]) for all n ∈ N. Thus L̂F(p
n) ⊆ L̂G(p
n+c)
and L̂G(p
n) ⊆ L̂F(p
n+c). Now using the estimates from proposition-2.4 one
concludes the result. 
3 Galois Representation - II
Let F ∈ Fp(OL̂) and A be an integrally closed, complete ring with A ⊆ End(F) =
EndO
L̂
(F). Let ω ∈ pA be a generator and F be a formal A module of height hA.
Note that this means F has height ehA as Zp module where e is the ramification
index of K(A)/Qp. Write hp for Zp height. Clearly, hp = ehA.
Tω(F) = lim←−
F[ωn] is a free A module of rank hr,A =
hA
f where f is the degree
of residue extension of K(A) (see [Lub2, Lemma-1.1] and [SS3, Section-2]).
Consider the canonical representation
ρ̂ω(F) : GL̂ → GlA(Tω(F))
Denote the image by Hω. Clearly we have a topological isomorphism Hω ∼=
Gal(L̂F(ω
∞)|L̂) = Gal(L̂F(p
∞)|L̂) ∼= H where H is as in previous section.
Note that if we fix an ordered A-base for Tω(F), GlA(Tω(F)) can be identified
with Gl(hr,A, A) and Hω is a closed sub-group of Gl(hr,A, A). A natural ques-
tion that can be asked if Hω is a analytic lie group over K(A), fraction field of
A.
This question can be rephrased as follows :
Tp(F) is a free Zp module of rank hp. Fixing an ordered base for Tp(F) we
have a canonical Zp algebra homomorphism
A→M(hp,Zp)
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where M(hp,Zp) is the algebra of hp × hp matrices with entries in Zp. Further,
note that this homomorphism is injective (see [Tate, Section-2.2]). We shall
abuse notation and identify A with its image. Image of a ∈ A shall be denoted
by [a]. Clearly A commutes with H .
Let h ⊆ gl(hp,Qp) be the corresponding lie algebra. One would like to show
h has A module structure. To be precise we want to show that there exists
an open subgroup U ⊆ h such that AU ⊆ U . Note if this is the case then a
neighbourhood of identity in H (∼= Hω as topological groups) has A-structure
and it can be endowed with a structure of K(A) manifold.
Consider the extension K(A)/Qp and let K0 be the corresponding maximal un-
ramified extension. Let A0 be its ring of integers. We have, A = A0[ω]. Clearly,
AU ⊆ U if and only if A0U ⊆ U and [ω]U ⊆ U .
Remark 3.1 : Without loss of generality one can assume U ⊆ M(hp,Zp)
and it is a Zp submodule.
Let {z1, · · · , zhr,A} be a A-base for Tω(F). Clearly {z1(n), · · · zhr,A(n)} generates
L̂F(ω
n) over L̂ for all n ∈ N. But F[pn] = F[ωen]. Hence {z1(en), · · · , zhr,A(en)}
generates L̂F(p
n) over L̂. Thus using notation of previous section
mp(n) ≤ hr,A =
hA
f
.
Lemma 3.2 : i) Hypothesis as above. Let d be dimension of H as Qp manifold.
Let d =
hAhp
f and n0 ∈ N be such that k ≥ n0 implies |Ik| = vol(H)p
kd. Then
Un0,A −֒→ Kn0 ⊆ H .
ii) Further assume that n0 ≥ 2. Then exp(p
n0 [ω]) ∈ Kn0 ⊆ H .
Proof : i) From lemma-2.5(iii) d ≤ hpmp(n) for all n ≥ n0 + 1. Using the
bound obtained before we conclude {z1(en), · · · zhA/f (en)} is a generating set
with smallest size for all n ≥ n0 + 1. Fix this choice of generating set.
Let n ≥ n0 + 1. Consider the map
in : Un0/Un → Gn,n0
11
defined by in(a˜) = a˜σ where a˜σ ∈ Gn,n0 is determined by
a˜σ(zi(en)) = [a]zi(en) ∀ 1 ≤ i ≤ hA/f
for a ∈ Un0,K (here a˜ means class of a).
Such a˜σ exists by lemma-2.6(i) and it is easy to verify that in is a well-defined
group homomorphism. Injectivity of in follows from injectivity of ∆n,n0 .
Since in is naturally defined one can pass to projective limit and obtain the
desired inclusion.
ii) Proof is similar to proof of part (i).
There is an endomorphism [ω] : F[pk]→ F[pk] for each k ∈ N.
As before {z1(en), · · · zhA/f (en)} is a minimal generating set for L̂(p
n) over L̂.
A simple calculation shows
exp(pn0 [ω]) = 1 + pn0
∑
i≥1
ai[ω]
i
where ai ∈ Zp for all i ≥ 1 .
Thus by lemma-2.6(i) one can construct an element σ ∈ Gn,n0 such that
σ(zi(en)) = exp(p
n0 [ω])zi(en)
for all 1 ≤ i ≤ hA/f and for all n ≥ n0 + 1. Passing to projective limit one
obtains an element of Kn0 ⊆ H . 
Remark 3.3 : i) Note that in proof of part (i) we have constructed the map
in such a way that the image of Un0,A is indeed the image of Un0,A ⊆ A un-
der the inclusion map A → EndZp(Tp(F)). Here one should choose base to be
{[ω]jzi | 0 ≤ j ≤ e− 1, 1 ≤ i ≤
hA
f } to get suitable matrix representation.
ii) From lemma-3.2 it follows that if d =
hphA
f then one has desired A-structure
on H and using the topological isomorphism one can put A-structure on Hω.
We introduce a terminology :
Definition 3.4 : Let k be a complete discrete valuation field of character-
istic (0, p) and let F ∈ Fp(Ok). If F is said to be good over k if EndOk(F) is
12
integrally closed in its fraction field.
Remark 3.5 : i) Let F ∈ Fpi(OL̂). Then EndOL̂(F) = End(F) and F is good
over L̂ (see [SS2, Section-2]).
iii) Let F ∈ Fp(OL̂). Then there is a G ∈ Fp(OL̂) such that EndOL̂(F,G) 6= 0
and G is good over L̂ (see [Lub2, 3.2]). Thus their p-torsions generate the same
fields and we only need to consider G if we want to study the associated Galois
group (see [SS2, Remark-2.2]).
Consider the set-up in beginning of this section. Further let A −֒→ End(F)
be onto. One can find such A if and only if F is good over L̂.
In this situation one can always show that Hω has structure of K(A) manifold
and it is open in GlA(Tω(A)) by a result of Serre-Sen (see below).
One can generalize Proposition-2.4 to arbitrary local fields :
Proposition 3.6 : Let Y is a closed, smooth, analytic sub-manifold of (A)N
and let Yn denote its image under reduction modulo ω
n. Let dA be dimension of
Y and vol(Y ) be volume of Y in the induced measure. Then |Yn| = vol(Y )p
ndAf
for large enough n where f is the degree of residue extension of K(A)/Qp.
Proof : Similar to Serre’s proof of Proposition-2.4 (see [Ser3, Section-3]). 
With help of this proposition one can prove analogues of results in section-2. In
particular if Hω has structure of K(A) manifold
|Gal(L̂F(ω
e(n+1))|L̂F(ω
en))| = pedAf
for large enough n. But F[ωen] = F[pn]. Comparing with result in last section
one obtains
edAf = d
where d is dimension of Hω as Qp manifold and dA is dimension as K(A) man-
ifold.
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Hypothesis be as before ie F is good over L̂ and A = End(F). Let h denote
lie algebra of H thought as a subspace of EndQp(Vp) where Vp = Tp(F)⊗Zp Qp.
Vp has a natural K(A) module structure, it is a K(A) module of dimension hr,A
and K(A) can be identified with a sub-algebra of EndQp(Vp). Further Tate’s
main theorem on p-divisible group implies K(A) = Endh(Vp) ([Ser2, Proposi-
tion 7]).
We shall use notation Vω = Tω(F)⊗A K(A).
Following results are due to Serre and Sen ([Sen2]) :
Lemma 3.7 : K(A)h ⊆ h.
Proof : This is consequence of Sen’s theory of Hodge-Tate representation.
See proof of [Sen2, Theorem-3]. 
One uses this lemma and analogous techniques from proof of Proposition 2.1 to
show :
Proposition 3.8 : EndK(A)(V ) = h.
Proof : See [Sen2, Theorem-3].
This proof requires hypothesis K(A) = Endh(Vp). 
Results above implies :
Proposition 3.9 : Hω is a lie-group over K(A) of dimension h
2
r,A which is
open in GlA(Tω(F)).
Proof : By Lemma 3.8 and Proposition 3.9, h has a K(A) module structure
and as K(A)-module its dimension is h2r,A. Hence H is a lie group over K(A)
of dimension h2r,A. Using the topological isomorphism as before, Hω can be en-
dowed with lie group structure over K(A) of dimension h2r,A. Now proposition
follows from following lemma and the fact that GlA(Tω(F)) is open subgroup of
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GlK(A)(Vω) containing Hω. 
The following lemma is basic result from p-adic analysis :
Lemma 3.10 : Let k be a local field and G be a topological subgroup of
Gln(k) which can be endowed with analytic structure over k of dimension n
2.
Then G is an open subgroup .
Proof : It is enough to show a neighbourhood of identity in G contains an
open set of Gln(k).
Consider G and Gln(k) as lie groups over Qp. Inclusion map is analytic as ho-
momorphism of lie groups over Qp ([Ser1, Part II, Ch V, Sec 9]). Since both
sides have same dimension and there is no kernel, inclusion map is e´tale at Id
and hence an open map. 
Remark 3.11 : i) Content of proposition-3.9 seems to be well-known. Lie
group structure of Hω over K(A) can be derived in alternate manner after ob-
vious identifications (see proof of Proposition A.23 in appendix).
ii) dA = h
2
r,A and d =
hphA
f if F is good and A = End(F).
iii) Assume that Hω hasK(A)-structure. From here one can prove image is open
using suitable formalism of π-divisible groups. This is developed in appendix.
4 Some implications
This section is devoted to collect some observations and answer a few questions
posed by the author in previous articles [SS1], [SS2] which mostly follow from
proposition-3.9.
Remark 4.1 : i) Let F,G ∈ Fp(OL̂)(h) be good and A1, A2 be their endomor-
phism rings respectively. From remark-3.11(ii) it follows that dimQp(H(F)) =
dimQp(H(G)) if and only if [K(A1) : Qp] = [K(A2) : Qp].
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ii) Let F ∈ Fp(OL̂)(h) be good and let A denote its ring of endomorphisms.
From remark-3.11(ii) it follows that mp(n) =
hA
f for large enough n.
iii) Further, let ω be a generator of the maximal ideal of A. Use mω(n) to
denote the smallest size of a subset of F[ωn]− F[ωn−1] which generate KF(ω
n)
over K. Clearly, mp(n) = mω(en) for all n.
From proposition-3.6 and remark-3.11(ii) one can deduce that mω(n) =
hA
f for
large enough n.
iv) By proposition-3.9 Hω contains an open subgroup of A
×Id ⊆ GlA(Tω(F)).
Note that, H contains same elements from image of A× in GlZp(Tp(F)).
This conclusion can be alternately derived from lemma-3.2 and remark-3.11(ii).
Now we shall consider unramified group laws. Notation be as in introduction.
Assume that µph−1 ⊆ OE . Note that for F ∈ Fpi(OE)(h), End(F) = EndOE (F)
and this ring is a complete, integrally closed subring of OE containing Api . For
simplicity, it will be denoted by AF. Put [k(AF) : Fp] = fF. Clearly, fpi | fF and
fF |h. Further π is a generator for maximal ideal of AF.
We shall be considering representation ρ̂pi of Gal(C|L̂) ie the inertia subgroup,
on GlApi (Tpi(F)). Note that Tpi(F) is a free Api module of rank hr,pi. Thus
GlApi(Tpi(F)) can be identified with Gl(hr,pi, Api). Since Tpi(F) has a AF module
structure, image of ρ̂ (denoted Hpi(F)) lies inside Gl(hr,AF , AF) ⊆ Gl(hr,pi, Api).
Remark 4.2 : i) By proposition-3.9, Hpi(F) is a lie group over K(AF). Hence
it has analytic structure over Kpi. This answers a question in remark-3.1.2 of
[SS2].
ii) Further, as K(AF) manifold Hpi(F) has dimension h
2
r,AF
. Hence its dimension
as Kpi manifold is
h2r,AF ×
fF
fpi
=
h2
fFfpi
.
This answers a question in remark-4.2.1 of [SS1].
iii) Let F,G ∈ Fpi(OE)(h). Clearly
AF = AG ⇐⇒ K(AF) = K(AG) ⇐⇒
[K(AF) : Qp] = [K(AG) : Qp] ⇐⇒ fF = fG.
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Thus remark-4.1(i) can be rephrased as
dimQp(H(F)) = dimQp(H(G)) ⇐⇒ dimKpi(Hpi(F)) = dimKpi((Hpi(G))
⇐⇒ AF = AG.
iv) Note that dimKpi(Hpi(F)) = hr,pi ×
h
fF
ie an integral multiple of hr,pi. Using
remark-4.1(iii) one sees that if mpi(n) = 1 for large enough n, then h = fF.
v) Hpi(F) contains an open subgroup of A
×
F Id ⊆ Gl(hr,AF , AF).
Now we have an improved version a theorem from [SS1] (remark 1.1(iii)) :
Theorem 4.3 : Let F ∈ Fpi(OE)(h) be an unramified group law. Further,
assume that µph−1 ⊆ OE . Then, following are equivalent :
i) Gal(EF(π
∞)|E) is abelian,
ii) mpi(n) = 1 for large enough n,
iii) F has A
(hr,pi)
pi module structure extending Api module structure.
Proof : Follows from theorem-2.3 of [SS1] and remark-4.2(iv). 
5 Concluding remarks
We conclude with some questions and observations about overall situation :
Remarks 5.1 : i) Let F,G ∈ Fp(OL̂)(h). It is interesting to know when
D̂p(F) = D̂p(G). Note that if they are in same isogeny class, this is the case.
One can ask if the converse is true, ie. if D̂p(F) = D̂p(G) is F and G are isoge-
nous ?
ii) One way to get information about containment like D̂p(F) ⊆ D̂p(G) is to
compute the Galois group Gal(Cp/D̂p(F)). Since D̂p(F)/L̂ is a lie extension, it
is arithmetically pro-finite and one can use ‘field of norm’ machinery to compute
the associated Galois group (see [Win]).
In particular, if F = Gm, there is an well-known formula for Gal(Qp|Qp(p
∞)) in
terms of field of norms.
iii) Coleman has studied norm compatible systems in Lubin-Tate case using in-
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terpolation techniques (see [Col]). One would like to generalize these results for
any unramified group law. Note that in this case one expects hr,pi many power
series in one variable whose combination will represent the element.
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Appendix
A Introduction
The purpose of this appendix is to generalize the results of [Ser2] for lie groups
over arbitrary local fields. Since we are interested in representations arising
from formal A-modules one should improve the formalism of Tate’s work on p-
divisible groups (see [Tate]) to prove a generalized ‘Hodge-Tate decomposition’
for the Tate module which is a key ingredient for Serre’s work.
We shall use notion of formal module schemes and follow Faltings work [Fal] to
prove a general version of classical Cartier duality which shall lead a generalized
‘Hodge-Tate decomposition’. The results in [Ser2] are easily generalized once
we have a general ‘Hodge-Tate decomposition’.
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Concept of O-module schemes goes back work to Drinfeld and Faltings’ paper
([Fal]) does an elaborate treatment of the topic.
B Definition and first properties
Let O be ring of integers of a local field and π be a generator of the maximal
ideal p of O. Use K(O) to denote the fraction field of O, e and f be ramifica-
tion index and degree of residue extension associated with the extension with
K(O)/Qp.
Definition A.1 : i) Let R be a commutative ring and let G be a finite, flat,
affine commutative group scheme over R. G is said to be a finite O-module
scheme if there is a homomorphism of rings
O → EndR(G,G).
ii) Further, assume that R is an O algebra. A finite O-module scheme is said
to be strict if O acts on Lie(G) by scalar multiplication.
Remark A.2 : i) In what follows we shall always assume R is a O algebra
and all O module schemes are strict.
ii) Note that G = Spec(A) where A is a locally free R-algebra of finite rank.
Thus EndR(G,G) = EndR−alg(A,A) as a set. Further if f, g ∈ EndR(G,G) and
f∗ and g∗ are corresponding elements in EndR−alg(A,A) then (f + g)∗ corre-
sponds to m ◦ (f∗ ⊗ g∗) ◦ µ where µ and m are co-multiplication and algebra
multiplication maps and (f ◦ g)∗ corresponds to g∗ ◦ f∗.
iii) Homomorphism of two O-modules are defined as homomorphism of group
schemes which commute with module structure. If G and H are two finite O
module schemes then we shall use the notation HomOR(G,H) to describe the
collection of all homomorphism of O-module schemes.
iv) Using functor point of view for schemes the definition above implies that
a finite O-module schemes is a representable functor from the category of R
algebras to the category O-modules with finitely many elements.
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Let R be a noetherian, local, complete O algebra and G be a finite, flat, affine,
commutative group scheme over R. Then there is an exact sequence
0→ G0 → G→ Get → 0 (A.1)
of group schemes (see [Tate, 1.4]), where G0 is connected component of identity
which is closed, flat subgroup of G and quotient Get is an e´tale, finite group
scheme over R.
If G has structure of O module it is easy to check that G0 and Get inherits
structure of O module. Note that, Lie(G) = Lie(G0) and Lie(Get) = 0. Hence
if G has strict module structure (which is always the case below), so do G0 and
Get.
If G is a finite, flat group scheme over an O algebra R which has connected
spectrum, we use |G| to denote rank of locally free sheaf defining G.
Definition A.3 : Let h ∈ N and R be a connected O algebra. A π-divisible
group over R is defined as an inductive system (Gν , iν)ν≥0 of finite O-module
schemes over R satisfying :
i) |Gν | = p
νh for each ν ≥ 0 for some fixed integer h,
ii) For each ν ≥ 0, there is an exact sequence
0→ Gν
iν−→ Gν+1
[piν ]
−−→ Gν .
Remark A.4 : i) h is said to be height of G.
ii) A homomorphism of two π-divisible groups (Gν , iν) and (Hν , jν) is a sequence
f = (fν) such that fν : Gν → Hν is a morphism of O-module schemes over R
such that fν+1iν = jν+1fν for all ν.
iii) Note that iν : Gν → Gν+1 identifies Gν with a closed sub-scheme of Gν+1.
Iterating we have a closed immersion iν,µ : Gν → Gν+µ. Further image of
this map coincides with kernel of [πν ] : Gν+µ → Gν+µ. Image of [π
ν ] can be
identified with Gµ. Considering orders one has an exact sequence
0→ Gµ
iµ,ν
−−→ Gµ+ν
[piµ]
−−→ Gν → 0.
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iv) Consider the inductive system (Geν , iν(p))ν≥0 where
iν(p) = ie(ν+1)−1 ◦ · · · ◦ ieν .
It is easy to check that this defines a p-divisible group Gp = lim−→
Geν of height
eh. Note that O −→ EndR(Gp). Thus one can consider [π] torsion sub-modules
and recover the associated π-divisible group.
v) Put |O/πO| = pf . In analogy of formal groups we would like to have f |h. If L
is a separably closed field in AffineR of characteristic 6= p, |Gν | = |Gν(L)|. A car-
dinality argument shows in this case f |h and as O module Gν(L) ∼= (O/π
νO)hr
where hr =
h
f . Such a field exists if R is a domain of char 0 which is always the
case below. In this situation hr is called π-height.
For rest of the section R be a noetherian, local, complete domain containing
O of char (0, p).
From connected-e´tale exact sequence (A.1) one concludes that (G0ν , iν)ν≥0 forms
a π-divisible groups. We shall write this group as G0.
Similarly (Getν , iν)ν≥0 is also a π-divisible groups denoted G
et and one has exact
sequence
0→ G0 → G→ Get → 0.
G is said to be connected if G = G0 and e´tale if G = Get.
Next we shall show that category of connected π-divisible groups over R is
equivalent to category of formal O-modules over R with property that [π] de-
fines an isogeny.
Let F be a formal O module over R of dimension n. Put A = R[[X]] where X
is a short-hand for X1, · · · , Xn. Using the module structure one obtains a R
algebra morphism φ : A → A defined by Xi → [π]i(X). This turns A into a A
module.
Definition A.5 : F is said to be divisible if φ turns A into a finite free A
module.
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Put Jν = φ
ν((X))A and Aν = A/Jν for ν ≥ 0. Define Gν(F) = Spec(Aν).
Clearly Gν(F) inherits O module structure from F and one has a π-divisible
group G(F) = lim
−→
Gν(F). Note that f times π-height of G(F) is rank of A as
A module. One can check Gν(F) is connected for ν ≥ 0 and thus we have a
connected π-divisible group over R.
Conversely, if one has a connected π-divisible group G consider the associated
p-divisible group Gp. By Tate’s construction there is a divisible formal group
law F over R such that Gp arises from F in the sense described above. Note that
O −֒→ EndR(F,F) and acts on Lie(F) (constructed from formal group perspec-
tive) by scalars. Hence we have a formal O module over R. Since F is divisible
as Zp module it is also divisible as O module.
Proposition A.6 : The correspondence F → G(F) is an equivalence of cat-
egories between divisible formal O modules and connected π-divisible groups
over R.
Proof : Follows from discussion above. See also [Tate, Section-2.2]. 
Remark A.7 : i) With terminology as in introduction, any unramified group
law in one variable is divisible ([SS1, Section 2]). In particular one can consider
a Lubin-Tate group law defined over O ⊆ R. It is divisible over O and hence
over R. We shall denote the associated π-divisible group as GLT.
ii) Proposition A.6 gives natural examples of π-divisible groups. As consequence,
any O module of finite height in one variable is divisible over R.
iii) Let G be a π-divisible group over R. Dimension of G is defined as dimension
of formal group associated to G0.
Let F and G be formal O-modules over R. Since characteristic of R = 0 it
can be shown, HomR(F,G) = Hom
O
R(F,G) ([Haz, 21.1.4]).
Lemma A.8 : Let G and H be two π-divisible groups and Gp, Hp be cor-
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responding p-divisible groups. If H is connected,
HomR(Gp, Hp) = Hom
O
R(Gp, Hp).
Proof : It is enough to show that any homomorphism of p-divisible groups
f : Gp → Hp is a homomorphism of O modules.
For a ∈ O, consider fa : Gp → Hp defined by fa = [a] ◦ f − f ◦ [a]. Clearly
fa is a homomorphism of groups. Let G
0
p be the connected component of Gp.
Using the result above, fa is identically zero when restricted to G
0
p. Thus we
have a homomorphism of groups Getp → Hp. By a result of Waterhouse [Wat,
Lemma-2.2] such a homomorphism must be trivial since Hp is connected. So
fa = 0 for each a ∈ O.
This proves the lemma. 
The last topic of this section is tangent space of π-divisible groups. For this
part we shall assume R is a DVR with perfect residue field.
In what follows L is completion of an algebraic extension of K(R), the fraction
field of R and OL is ring of integers of L and mL be its maximal ideal.
Let G be a π-divisible group over R. We use notations G(OL), Φpi(G) and
Tpi(G) in sense of [Tate, Section 2.4]. If L is algebraically closed Φpi(G) can be
identified with group of torsion points of G(OL).
Let G be a π-divisible group and G0 be its connected component of identity. Let
A0 be the co-ordinate ring for G
0. One can define the tangent space tG in terms
of left invariant derivations of A0. S valued points of tG are given by R-linear
maps τ : A0 → S such that τ(fg) = f(0)τ(g) + τ(f)g(0) for any R algebra S.
Note that A0 = R[[X1, · · · , Xn]] for some n ∈ N. Put I0 = (X1, · · · , Xn). Then
tG(S) = {f : I0/I
2
0 → S | f isR linear}.
It is a free module of rank n over S and this rank equals dimension of G0.
For all a ∈ O, one has map [a] : A → A defined by Xi → ai(X). Since
ai(X) = aXi + higher degree terms, tG(S) has a natural O module structure.
Consider the case S = L. One has logarithm map log : G(OL) → tG(L) given
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by
log(x)(f) = lim
i→∞
f ◦ [πi](x)− f(0)
πi
where x ∈ G(OL) and f ∈ A0.
Note that for any x ∈ G(OL), [π]
i(x) ∈ G0(OL) for large enough i. So one
can use the power series logarithm map coming from formal group and define
the logarithm map. Using this point of view or otherwise it is easy to see that
log is O-linear with respect to O module structure on both sides. Further, log
induces a local isomorphism between the groups on both sides. Thus we have
an isomorphism of O modules
G(OL)⊗O K(O)
∼=
−→ tG(L).
Remark A.9 : If valuation on L is discrete then image of log is a OL lattice
in tG(L). If L is algebraically closed then image is onto.
C Duality for pi-divisible groups
The goal of this section is to describe a dual of π-divisible groups which behave
well with respect to action of endomorphism ring. This duality is similar to
classical Cartier duality and quite important for rest of discussion.
Let R be an O-algebra and G be a affine, finite flat group scheme over R.
In [Fal, Section 2] introduces an auxiliary construction and defines notion of
strict O action which is stronger condition than the notion introduced earlier.
Further, he defines strict homomorphism between two group schemes. We need
this notion to construct duals.
However, kernels of multiplication by powers of [π] in divisible formal O modules
are finite, flat group schemes with strict O action in this sense. ([Fal, Section 3])
Construction A.10 (Generalized Cartier duality) ([Fal, Section-5])
i) Let G be a finite O module scheme over noetherian ring R which has strict O
action. GLT be Lubin-Tate module over R obtained by base change. Since G
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is finite there is an integer h such that πh annihilates G. Clearly an O-module
homomorphism from G into GLT factors through GLT [π
h].
ii) Define a functor from category ofR algebras to sets by S → Homstrict(GS , GLT,S)
(ie the set of strict O-module homomorphisms). This functor is representable
by a finite O module-scheme G′ with strict O action which is defined over R
and of same rank as G.
iii) (G′)′ isomorphic to G and from definition it is clear that the association
G→ G′ is functorial.
iv) Further R be connected and G be a π-divisible group of height h such that
each Gν has strict O action. Such π-divisible group is said to have strict O ac-
tion. Then one can construct another π-divisible group G′ = {G′ν}ν≥0 defined
over R dualizing multiplication by [π] map. It is easy to see that G′ has height
h and it has strict O action.
Following proposition is analogue of a formula due to Tate :
Proposition A.11 : R be as in previous section and G be a π-divisible group
of height h defined over R with strict O action.
Then
dim(G) + dim(G′) = hr
where hr =
h
f , π-height of G.
Proof : Write q = pf . Let A be a noetherian O algebra which is annihi-
lated by π. For any A-scheme X let X(q) denote its base change by Frobq, the
q-th power map on A. Then one has relative Frobenius Frobpi : X → X
(q) .
If H is a finite O module scheme with strict O action, there exists a transfer
Verpi : H
(q) → H such that Frobpi ◦Verpi = [π] and Verpi ◦ Frobpi = [π].
This Verpi is defined as adjoint of Frobpi via duality. ([Fal, Section 7]).
Now A be connected and H = (Hν , iν) be a π-divisible group of height h with
strict O action. One can construct another π-divisible group H(q) = (H
(q)
ν , i
(q)
ν )
of height h with strict O action and two isogenies Frobpi : H → H
(q) and
Verpi : H
(q) → H such that compositions are multiplication by [π]. One has an
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exact sequence
0→ Ker(Frobpi)→ Ker([π]H)→ Ker(Verpi)→ 0.
Let A be residue field of R and think G and G′ as π-divisible groups over
A. Note that Ker([π]G) = G1, |Ker(Frobpi,G)| = q
n, |Ker(Verpi,G|G(q)1
)| =
|Coker(Verpi,G|G(q)1
)| and later group is dual to Ker(Frobpi,G′) which has rank
qn
′
.
The identity follows from exact sequence considering rank. 
D Hodge-Tate decomposition
Let T be a free O module of finite rank and assume that R is a complete
DV R containing O of char (0, p) with perfect residue field. Put V (K(O)) =
T ⊗O K(O). Let C denote completion of K(R), an algebraic closure of K(R)
and let GK(R) be the absolute Galois group of K(R) and χ : GK(R) → K(R)
×
be continuous homomorphism.
One can define twisted action of GK(R) on C by gχ(x) = χ(g)g(x). We shall
denote this GK(R) module as C(χ). First, we need some preliminary results
which generalize Tate’s computations of twisted cohomology.
Definition A.12 : Let χ : GK(R) → K(R)
× be a continuous character and
Kχ = K(R)
ker(χ)
be fixed field of ker(χ). χ is said to be Sen character if there
is a finite extension K0/K(R) in Kχ such that Kχ/K0 is a totally ramified pro-p
extension and its Galois group is identified by χ with p-adic lie group (over Qp)
of dimension ≥ 1 contained in K(R)×.
Example A.13 : Let L =
⋃
n≥1K(R)(GLT [π
n]). The character induced by
Galois group of L/K(R) is a Sen character. We normalize it as follows :
Let z ∈ Tpi(GLT ) be a generator of O module. χ is defined by g.z = χ(g).z for
all g ∈ GK(R). χ has image in O
× and image is infinite.
Let K0/K(R) be a finite extension and χ be a Lubin-Tate character over K0.
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One can estimate valuation of discriminant, define normalized trace map and
compute twisted cohomology ([Tate, Section - 3], also [F-O, A.4.2] for stream-
lined version of treatment). Only thing to note is results on totally ramified Zp
extension generalize to Lubin-Tate extensions since its Galois group contains
an open sub-group isomorphic to O corresponding to totally ramified extension
and tower of fields has good ramification theoretic description.
Proposition A.14 : Let χ be Lubin-Tate character.
i) H1cont(GK(R), C(χ)) = 0.
ii) H0cont(GK(R), C(χ)) = 0.
Proof (Sketch) : Let X be the completion of Kχ. Following Tate one can
show H1cont(GK(R), X(χ)) = H
0
cont(GK(R), X(χ)) = 0. Now the proof follows
from approximation of continuous cochains and general results in group coho-
mology ([Tate, Section 3]). 
Remark A.15 : i) Lubin-Tate group can be replaced by any O module with
endomorphism ring of full height defined over ring of integers of a local field
contained in R.
ii) In proposition A.14, χ can be replaced by χ−1.
iii) Does lemma A.14 holds for any Sen character ?
Let χ : GK(R) → K(R)
× be a continuous character such that χi is nontriv-
ial for all i ∈ Z and
V (C) = V (K(O)) ⊗K(O) C.
For integers i ∈ Z define
Vi(C) = {x ∈ V (C) | g.x = χ(g)
ix},
V (C)[i] = Vi(C)⊗K(R) C.
Note that, Vi(C) is K(R)-vector space and V (C)[i] is GK(R) stable. The injec-
tion Vi(C) −֒→ V (C) extends to C-linear injection ǫi : V (C)[i] → V (C). This
gives a C-linear map s :
⊕
i∈Z V (C)[i] → V (C). Following Serre one can show
that s is injective (see [Ser2, 2.4]).
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Definition A.16 : V is said to be χ-Hodge-Tate module if s is onto ie V (C) =⊕
i∈Z V (C)[i].
Remark A.17 : i) To have all χi nontrivial it is enough to ensure χ has
infinite image.
ii) If V is χ-Hogde-Tate then its dual V ∗ is also χ-Hodge-Tate and V ∗(C)[i] ∼=
V (C)[−i] as GK(R) module.
Let G be a π-divisible group over R with strict O action and G′ be its dual
as constructed in last section. We shall show that the π-adic Tate module
Tpi(G) thought as O module, has χ-HT decomposition for a suitable χ.
There is a non-degerate pairing of O modules
Gν(C)×G
′
ν(C)→ GLT,ν(C)
for each ν ≥ 0. This paring is compatible with action of GK(R) on both sides
and taking injective limit in one co-ordinate and projective limit on other co-
ordinate ie it induces a O linear, Galois invariant isomorphism
Tpi(G) ∼= HomO(Tpi(G
′), Tpi(GLT )).
Proposition A.18 : As GK(R)-module and C-vector space
HomO(Tpi(G), C) = tG′(C) ⊕ t
∗
G(C) ⊗C HomO(H,C)
where H = Tpi(GLT ) and t
∗
G(C) is co-tangent space of G at identity. GK(R) acts
on homomorphisms via (σf)(x) = σ(f(σ−1x)).
Proof : LetW = HomO(Tpi(G), C),W
′ = HomO(Tpi(G
′), C) and Y = HomO(H,C).
We have an isomorophism of GK(R) as well as O modules
Tpi(G
′)
∼=
−→ HomO(Tpi(G), H).
This gives a non-degenerate bi-linear Galois invariant pairing
W ×W ′ → Y.
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Now consider maps
dα : tG(C)→W
′
dα′ : tG′(C)→W
as in [Tate, Section-4]. One can imitate Tate’s proof of proposition-11, step-6
and show these maps are injective. Further these are morphism of GK(R) mod-
ules.
Put X = tG′(C) and X
′ = HomC(tG(C), Y ). By the pairing above, X
′ can
be thought as a subspace of W . First, we would like to show W = X ⊕X ′ as
C-vector space.
Note that Y = C(χ−1) asGK(R) module, where χ : GK(R) → K(R)
× is a Lubin-
Tate character. In particular Y GK(R) = 0. Note that tG(K(R)) ⊆W
′GK(R) and
tG′(K(R)) ⊆W
GK(R) . The bilinear paring above pairs WGK(R) ×W ′GK(R) into
Y GK(R) . So tG′(K(R)) and tG(K(R)) are mutually orthogonal with respect to
the pairing. Now from definition of X ′ it follows that X and X ′ are linearly
disjoint.
Note that dimC(W ) =
h
f where h is height of G and f is residue degree of O.
dimC(tG(C)) = dim of G and dimC(tG′(C)) = dim of G
′. From proposition
A.11 W = X ⊕X ′ as C-vector spaces.
Now one needs to show that the splitting above respects GK(R) module struc-
ture.
As in [Tate, Corollary-2 of theorem-3], it is enough to check
H1cont(GK(R), C(χ)) = 0
which follows from proposition A.14. 
From the proposition one immediately deduces :
Corollary A.19 : Tpi ⊗O K(O) is χ-HT where χ is inverse of Lubin-Tate
character.
Here V (C)[0] = tG′(C) and V (C)[1] = t
∗
G(C) and these spaces have dimen-
sion equal to dim(G′) and dim(G) respectively.
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E Generalization of Serre’s result
Let V be a finite dimensional vector-space over K(O) and let
χ : GK(R) → K(R)
×
be a continuous character and
ρ : GK(R) → GlK(O)(V )
be a continuous representation such that :
i) Image of ρ is a lie-group over K(O),
ii) χi is nontrivial for all i ∈ Z and V is χ-HT with V (C) = V (C)[0]⊕ V (C)[1],
iii) V is a semisimple GK(R) module.
Let G = Im(GK(R)) and g be corresponding lie-subalgebra of EndK(O)(V ).
Galg be algebraic envelope of G in GlV , thought as algebraic group over K(O).
By hypothesis (iii) it follows that V is a semi-simple g module. V is said to be
absolutely simple as g module if commutant of g in EndK(O)(V ) is scalars.
Put n0 = dimC(V (C)[0]) and n1 = dimC(V (C)[1]).
Proposition A.20 : i) Assume that V is absolutely simple g module and
n0 and n1 are co-prime. Then Galg = GlV .
ii) Let dimK(O)(V ) = 1. Then Galg = GlV if G is infinite.
Part (ii) is clear. Proof of part (i) is same as Serre’s proof in [Ser2, Section-3
and Section-4]. We shall only mention few key points :
Claim A.21 : Define φ : C∗ → Aut(V (C)) where φ(λ) : V (C) → V (C) is
given by λi on V (C)[i]. Put Φ = Im(φ). Then Φ ⊆ Galg(C).
Proof : This is analogue of Serre’s theorem-1 from section-3. Note that, the
argument rests on existence of HT decomposition which easily goes over to χ-
HT modules. 
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Now one can apply proposition-5 from section-4 in [Ser2] directly and conclude
proposition A.20.
We need a result about algebraic envelope :
Assumptions be as in beginning of this section. Since V is a semisimple G mod-
ule, one can write g = c× s where c is center and s = [g, g] is semisimple.
Lemma A.22 : i) If c is algebraic lie algebra, Galg is equal to g and G is
an open subgroup of Galg(K(O)).
ii) If g is absolutely simple, c is algebraic.
Proof : Part (i) is proved in ([Ser2, Section 1]). Note that here base field
is K(O).
Part (ii) follows from the fact that c, under assumption is either 0 or consists
of scalars both of which are algebraic.
Proposition A.23 : Notation be as in section-3. Let F ∈ Fp(OL̂)(h) be
good with endomorphism ring A. Consider the associated Galois representation
ρ : GL̂ → Glhr(K(A))
where hr =
h
f , underlying vector space is Tω(F) ⊗A K(A) and we are fixing a
base for Tω(F).
Then Im(ρ) is an open sub-group of Glhr (K(A)).
Proof : First, we shall verify condition (i) above. Let {z1, · · · , zhr} be cor-
responding fixed base. Think these as elements of Tp(F). Clearly it is a A base
for Tp(F). Further we have an identification EndZp(Tp(F)) with Endhr (A). One
can identify imageH of Galois representation from section 3 with imageG above
as endomorphisms since Galois group acts A linearly. Let h ⊆ EndQp(Vp) be lie
algebra corresponding to H . By lemma 3.7 it is closed under K(A) = A⊗Zp Qp.
Hence corresponding subgroup in Endhr (K(A)) is also a lie sub-algebra over
K(A). Looking at representation of this lie sub-algebra on underlying vector
space one concludes that G contains an analytic open subgroup whose lie algebra
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is this lie subalgebra. Thus G has structure of analytic subgroup of Glhr(K(A))
over K(A).
Condition (ii) follows from corollary A.19. Note that associated ω-divisible
module has strict A action since it comes from division points of a divisible
formal group.
One would like to show that V is absolutely simple h module. Note that in this
case, n0 = hr − 1 and n1 = 1 which are clearly relatively prime if hr ≥ 2.
Proof of this property is similar to proof of [Ser2, Section-5, Proposition-8].
Here lie group is over K(A). For this argument one needs a ramification theory
result which goes over for ω-torsion points and implies G is infinite for all hr ≥ 1
(loc. cit. Lemma 3).
Now result follows from Lemma A.22. 
Proposition A.23 assumes lemma 3.7 in section-3 and proves proposition 3.8.
Its content is same as proposition 3.9.
In light of developments in section-3 and this section we conclude that correct
dimension implies K(A) structure; K(A)-structure and Hodge-Tate decompo-
sition implies correct dimension.
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